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IV. On the Determination of the Terms in the Disturbing Function of the fourth order 
as regards the Eccentricities and Inclinations which give rise to Secular Inequali- 
ties. By J. W. Lubbock, J^.P. and Treas. R.S. 

Received October 16,— Read November 20, 1834. 

Hitherto in the theory of the secular inequalities the terms in the disturbing 
function of the fourth order as regards the inclinations have been neglected. As the 
magnitude of these terras depends, in great measure, upon certain numerical co- 
efficients, it is impossible to form any precise notion a priori with respect to their 
amount, and as to the error which may arise from neglecting them. I have therefore 
thought it desirable to ascertain their analytical expressions ; and the details of this 
calculation form the subject of this paper. Some of the secular inequalities which 
result from these terms are far within the limits of accuracy which Laplace appears 
to have contemplated in the third volume of the M6canique Celeste. 

The method which I have here adopted for developing the disturbing function rests 
upon principles which I have already explained *. Very little trouble is requisite to 
obtain certain analytical expressions for the terms upon which the secular inequalities 
depend, or for any others, in the development of the disturbing function ; but it is not 
so easy to put these expressions in the simplest form of which they are susceptible ; 
and this is a point to which I think hitherto sufficient attention has not been paid. 
It will be found that I have obtained, finally, expressions of very remarkable sim- 
plicity : to accomplish this, however, I have been obliged to go through tedious pro- 
cesses of reduction, the details of which are here subjoined, in order that my results 
may be verified or corrected without difficulty. In order to give an additional example 
of the great facility with which terms in the disturbing function are arrived at by my 
method, I have calculated one of those given by Professor Airy, and which is required 
in the determination of his inequality of Venus ; and I have arrived at the result which 
he has given. The same method, with certain modifications, is applicable to the de- 
velopment of the disturbing function in terras of the true longitudes. The terms in 
the disturbing function which give rise to the secular inequalities of the elliptic con- 
stants, when the terras of the order of the fourth powers of the eccentricities and 
inclinations are retained, and higher powers of those quantities are neglected, are as 
follows : and I propose, as they forra, in fact, a system apart, to distinguish them by 
the indices given in the left-hand column. 

* Philosophical Transactions, 1832, Part II. 
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58 MR. LUBBOCK ON CERTAIN TERMS IN THE DEVELOPMENT OF JR. 

0. 

1. r — I + 1^ 

II. 2 r - 2 g + 2 f, 

III. r + l + l^ — 2;? 

IV. r - I - I, + 2 ;;, 
V. ^ — % — n + n, 

VI. 'i -^r li — n — yi, 

VII. 2r + 2^, — 2;; 

VIII. 2 t — 2 t] 

IX. 2 r — 2 § 4- 2 ;;^ 

X. 2 I, - 2 ;7, 

XI. T — fl -\- i^l 

XII. r — 2f + ?j + ^, 

XIII. r + 2 I, — n — n, 

XIV. 2t — l-\-l, -n-\-ni 
XV. 2 T — 2 jj + 2 ^^. 

After extensive reductions I find 

'^/'^^t 2 9 1 r 3« I. . 3«^ L 1 ^ 



32, 



[o.] 
+ "^/ 14< ^3,2 + (-32^ ^5,1 - 16^^5,2)^' + {32:^3^1 -T^h,2\e? 



+ I - "32^ ^5.1 - 32"^ ^5.2/ (y' + y?\ j e e^ COS (r - 1 + |,) 

-^^5.2e2e,^cos(2r-2§ + 2|,)+|fi?55,i^e;r^cos(r + f + |,-2p?) 

[II.] [III.] 

+ ^2^ ^'1 ^^'^' ^^^ C'- -?-?; + 2;?,) + 16^65,16 e,yy, COS (I - |,-pj + ^;) 

[IV.] ' [v.] 

~ 16^*5.1 ^^iVVi cos {l + l,-n- n) 

[VI.] 
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[vn.] 

+ "^/ { - ll^^M + (l^^5,2}e'y'cos (21 - 2 ;;) 

[vni.] 

+ ^/ { - ll^^ ^5,1 + M^ } ^' y^" cos (2 r - 2 g + 2 ??,) 

[IX.] 

+ '"/{- ll$ *5.i + ^ &5,2 } e,2 7 2 COS (2 I, - 2 ^,) 

[X.] 

+ *"'{- 4^ ^3,1 - ll^ ^5,0 (e^ + e;2) + ^1^ Z-s.o (y^ + 7/^) 1 7 7; cos (r - J? + ;j,) 

[xr.] 
+ "^z { fI^ ^5,1 - ai^ ^5,2 j e2 7 7, COS (r - 2 1 + ;? + j^,) 

[xn.] 

+ "*/ {t^^^5,o - ^^ ^5,2 1^;^ 7 7/ COS (r + 2|, - jj - ;?,) 

[xin.] 

+ "*/ { 32^8*M + 32^*5,3 j^e. 7 7/ COS (2T-i + ^,-f, + yi) 

[xiv.] 
-^'32^^5,o7^7/^cos(2t-2;j + 2;?,) . 

[XV.] 

The method which I propose to employ in order to arrive at the terms in the 
disturbing function, independent of the inclinations, is sufficiently explained in the 
Philosophical Transactions. The following are the equations employed : 

di? __ adB dr dn_ d^ 

de de rde "•" dr de 

^=^(l+|)_0-f.0cos|-|e(l-^.0cos2^ 

[0] [2] [8] 

— ^ e^ cos 3 1 — ^ e* cos 4 t, 
[20] [35] 

;|| = 2(l~~)sin| + 4e(l-f|e2)sin2| + ^e2sin3|4-^e2sin45. 

[2] [8] [20] [35] 
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60 MR. LUBBOCK ON CERTAIN TERMS IN THE DEVELOPMENT OF R. 

Calculation of the Term in the non-periodical Portion of R multiplied hy e*. 

If R'2 denote the term in the coefficient of cos | multiplied by e^, 

Rg cos 2 1 .... e2, 

R'o non-periodical portion of R multiplied by e^, 

R2 coefficient of cos | multiplied by e, 

j^i ad i?3 aditg 3 adR^ ad R'q 9 « d TZq 

'^ ""2 — 2da Qda 4da d^ + 8da 

» — "^ h J_ ^ J, Tf — "^ h _L ^^ I 

^2 — — 2 « 8 03,0 -r 2 « 3 03,1 -«8 2 a 8 Og^o + 8^ »3,X 



-^0 — — 8 «/ ^3,1 Ro— — a, hfi 

2 ~ 2 ~" 4 ^2 -"0 -t- 8 ^0 — 8 a8 O30 — jg„^a %,i — yg^ ©lo 

^ -"2 - ^ 63,0 - 1F< ^3,1 + 16^ \j; hfi - bi,i) - "8^ V^; 050 - 65 ij 

■ 9a^ /a J_ _Lz. \ 

"f" It) a« V a; ''s,! - 2 %o — 2 ^5,2^ 

0/ _ 7fl^ , _a_ , 3^ , _9a8 3a^ 3 «2 

■"2 — 15^8 03,0 4^3 Og^l — 8fl/ ''s.O + I0a4 %l — W^ %0 — 32^ 052 

_ 7a" a , 3a^ _i_ _i«l a Sa^ ^ a 

- 16 af ^^3,0 - 4a;^ ''s,! — s af ^3,0 i" 15 «3 Og^o - j^ 651 + j^ 631 

— "^ A 3a , 3a^ , 3 a^ / 

— I6af *3,0 — iQaf ^3,1 + 16 a 3 650 — i(f^ %!- 

If R"q denote the term in the non-periodical portion of the disturbing function 
multiplied by e*, 

„„ _ adJg'o ad.Ro _ a^R'z , 9adjf?3 3 a d i?g 
4-Ko— 2da "r" 8da 2da "1" l(jda 4.da 

A Tfii — ^ h a ( ^ 7 /\ I7 ''^i. 9a^ 

^ ^ - i6a^ ''i.o- 16 «; Va, ''^.o - 63,1; - j^^ 63^0 " ^6^2 O3 1 + -^^^ J^,, 

; «^2 05,1 + 16 a 2 Va, %0 ~ %^) + 32^8 \~ 65 1 - -^ 65,, - — h^.^) 

la4 \a, ^7,0 - Or.iy + 32 a 3 V"^ *7,1 " T *7,0 " "2 »7,2; 

- 16 aA a^ ^3.0 ~ ^ a, ^3,i; - 76< V^ *3,o " 03,1; - "[q^ 63^0 - ^fg^^ &3.1 

^a^ _3^ J^ /^ , \ , 3a^ ( a , 1 J\ 

+ 32 a^ %0- 16 «2 05,1 + 16 «/ V a, %0 " 05,1; + 32^3 1^"^ 65,1 " yOs.o " -^ki) 



_3a 

16, 

i£i 
32 a/ 
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15 a^ ( a^+af ^ a_, \ 15 ffl^ , 15 a'' , 

•" 32^ V «/ ^7,0 — 2 ^^ 07.iy + 64 « « *7,0 ~ 64 a^ ^7,2 

ffl /«*+ af , « , ''^ A ^ _L. ^^ ^^ A 

— ~ 8< V"^"' ''5.1 ~ "^ *'5,0 ~ "^ ^5.2/ + 64^ *5 



5.0 8 a/ "5,1 



_3a« , 15 a« , 3g , 

~ 64 a 3 ''5,2 — 32fl3 %o H- 32 ^2 65,1 



*i "J- i^.* c*. 



_ ■^ «* I 13a , a^ , , 5a^ , 

~ 64^ *5 — 32 a,^ ^5,1 — 32 a4 %i + 54 ^^s O5 2 

— 32< *5,i + 32^ O5.1 + 64 af 05,2 " 32 «,« "5,1 " 32 ^4 %,! + 64 a-" hi 

— 3« , I :?"^ ' 

— ~ 8 a.^ *5,l + 3. 



8< ''5,1 -r 32 a/ "5,2- 
Hence jR contains the term 



f 3a , 3a« ^ T , 

^i\- S2< ^5,1 + 128 a; ''5,2 J e^- 



Putting for b^ i, b^^ their values in series, the first term is 

15 a^ 
~ 32a^3- 

This result agrees with what I have before arrived at in the Lunar theory. I have 
neglected no similar opportunity of verifying the terms in the disturbing function 
given in this paper ; these opportunities are however but few, as the terms multiplied 
by y 2 may be dispensed with in the lunar theory. 

Calculation of the Term in the non-periodical Portion of the disturbing Function mul- 
tiplied by e^ ef. 

If il'a now denote the term in the coefficient of cos I multiplied by e ef, 

R'q non-periodical portion . . . e,^, 

R\ e' e,2, 



R' — ^ h n' — (^^Rq _ ni 

^0— — 8a;2*3,l ^2—— 2d a ^0 

„, 3a^ / a , 1 , ' ?. \ I " h 

^2 — - 8^ V a; ''5,1 - "i" ^5,3 - "2- %2) + 3 a;^ "3^1 

a d R'q a d iJ'g 



2ii"n = 



2da 2da 

Rq — R2 = - -g^ ^3,1 - 8^ ^3,1 + "8^ ^5,1 — T6^s &5,0 - iQaf Ki 



a , a , .3a', 3 a*, 3 a* 



2 ^0 = - 8^ ^3,1 + 8^ V^ ^5,1 - -2 hfi - ^ h,i) + T6< *5,i 
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~ 16< V ~ 16 a « V — 16 a,* \ «, *7,l — q V — 2 *7,2; 
+ 32 fflS Va, '■'7.0 ~ ^7,1/ i- 32 a; V a, "7,2 — 2 '^7,1 — 2 '>7,3j 



~ 8 < *3,1 + It) a 4 65,1 — 8 < *5,0 — 4 ^3 05,2 



~ T6^ V a,^ *7,1 — a, "7,0 — „^ 07,2/ + 64^4 07,1 — 64^ 67^3 

— ~ I6a^ °5,o + i6«3 *5,2 — 8 a^ %o — iQ „•' °V2 — ~ 16 aj^ ^ofi- 
Hence the disturbing function contains the term 

~ 3IS ^5,0 ^ ^f ; in the lunar theory — -^^ e^ ef. 

Calculatimi of the Term in the non-periodical Portion of R multiplied by e*. 

If /?g denote the term in the coefficient of cos % multiplied by e^, 

Rij cos 2 I, . . . . e^^, 

i?5 COS I, . . . . e,, 

iJ'o non-periodical portion of R multiplied by ej^, 

R"o e% 

^ ■" 5 ~ 2 da, ~ 2 d a, ~ 4 d a, ~ d a, "*" 8 d a, 

^3 = ~ 2^, ^3,0 + 2< *3,1 ^/7 = — 2^, ^3,0 + 8^ *3,1 ^0 = — 8^« ^3,1 

i_ A _?5 :^ _-5.7? _»' _L-^I? — _ :?L _ :?£ 7?' _L. _2. » 

— — a^ *l,0 2 ~ 2 4 '"5 "o -1-8 -"0 — — 4 2 -"o + ^-«o 

3_ 3ct ^ 

— 8 a, "3,0 — 16 «/ ®3,l — 16 »l.o 

„, _ _3_ , , 3« , 9_ , Qa fa_, \ 

^ « 5 — — 8 a, ''3,0 -f- 8 a/ °3,l "T 16 a, "1,0 " 16 af V a, ^3,0 — 03,1/ 

"1" 8 < \a, ''s.o - ^'s.i; - 16 a3 Va, ^5,1 " 2 ^^fi "" "i" ''5.2/ 

_ _i.A 9«^ , , 15« t 9 (t±al I 2«A ^ 
8 a, *3,0 - 16 a s ^3,0 + 16 « 2 ©s.l + T6^^ V~^ -3.0 ~ ~^*3,i; 

9a f^+al , a_, ±1 \ , ^7 «^ z 9a , 9a^ , 

~ 16 a,n a/' \i ~ a, ■'5,0 — «^ Og^g^ + gg ^3 05,0 — 16 a 2 *5,l " ^^ a^ %i 

'^5 — 16^, *3,o — 16^2 03,1 + 16^8 65,0 - Y6^ %\ 

„ «,d.R'o a,d J?o a,di?s Qa^dBj 5a,ARfj 

"* " ~ 2da, "T" 8 da, 2 da, + l6da 



I -Rn 3a,d j g^ 
4d a, 
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2 "rs"" 2 "res— 4 -"l7 

a t 1 , 1 , , 3 a , 3 a^ , 

— ~ 16^ *3,l — 16 a; *l.o — 32 a, *3,0 + 32 ^^^ 03,1 - 32 af ''s.o 

3a , _^ , 9« , I _L / 9« , 

+ 32 «;2 05,1 — 32 a, ^Sfi + 32 a,^ ^^3,1 + 8 «^ "3,0 — 32 a,^ %1 

mi — ^ k « ( "' h k \ ^ h "' h JL 9"^ A 

•*^ — 16^ *1.0 ~ 16 < V «j 3,0 — »3,1/ — 16 «/3,0 — 16 af ^3,1 + 32 a 3 ^5,0 

3a, 3a /^ , A ^ J_ -A^ /'-^ A -i. A J_ A ^ 

~ ~\Waf ^5,1 + 16 af \a, *5,o — Os.iy + 32 a/ Va, ^5,1 — 2 *5,0 " 2 ^5,2/ 

\5a^ ( a j^ , \ 15 a* { a , ±, 1. A \ 

~ 32< V"^ *7,0 — 07,1; H- 32 af \ a, '^^A " 2 \o ~ 2 *7,2; 

I Ca^ + a^ j^ o " 7. 1 « /a_ , , \ 1 , a , 

— 16^, \ "~^ ^3,0 - 2 — 63,1 J ~ 16 af V «/ ^■*' ~ '^'V ~ 16 a, ^3,0 " 16 af ''s,! 

,9a*, 3a, Sa / a , i,\i ^a^ /^ , J_ , jL / \ 

+ 32^a %,o - 16^ \l + 16 af \a, %0~ %l) "T" 32 af \a, ^5.1 ~ 2 ''s.O - 2 ''.^2^ 

15 a^ (a^ + af , o ^ A \ _l l£f! A ^^^^ i 

~ 32^3 (^ -J— 07,0 ~ 2 ^ ''7,1 j + 64 af ''7,0 - 64 af '^^fi 

_ a /«l+«f , « 7 ^ A \ I ?Z^ A ^— /. 
8^ V"~^f~ ^5,1 — a^ %,0 — a, "5,2 j i- 64 af ''s-O ~ 8 af ''^.l 

Jo® 15 a* 3a , 

~ 64 af ^5,2 — 32 « 8 05,0 + 32 af %l 

—. ^^^ h 13a , a^ , ^o^ , 

— 64 af "5,0 — 32 af '^5,1 " 32 af ''s.l + 64~af "5.2 

_ g , a^ g^ . 13 a a'' , . 5a^ , 

— 32af "5,1 + 32 af "5.1 + 64 af "5,2 " 32 af "5,1 32 af "5.1 "r 64 af "5,2 

8 af "5,1 + 32 af "5,2- 

Hence the disturbing function contains ttie term 



Xbm^c^ 



^/ { - 32^ ^5,1 + 128^3 &5,2 j «,' ; in the lunar theory - -^^ 



e^. 



^/ 1 - 32^ ''5,1 + 128^3 05,2 J er; "^ "^« ^""^^ «'"^"^;y - 32^ "/ 

In the preceding instance, and in the case of terms depending either upon e^ or e* 
solely, the term in the disturbing function can only be obtained from -^ or ^— ; but 
in obtaining those which depend both upon e and e^, they may be obtained indiffer- 
ently either from the combinations which enter into the expression for -j^ or from 

those which enter into the expression for -;j^ . 



64 MR. LUBBOCK ON CERTAIN TERMS IN THE DEVELOPMENT OP R. 

Calculation of the Coefficient of ^ e^ cos (r — | + |^) in the Development of R. 
If i?9 denote that part of the coefficient of cos (r — 2 1) which is multiplied by e^ 

i?l . COST ^ 

R\ e2 

R4 COS (r + 1) e 

/?3 COS (r + 1) ^ 

^'3 e3 

p, ad Eg aAR^ _l P j_ ^ adRi , ^ » J_ ^J^d R4 5_ „ adi^', , 

■^^3— 2da ~ 2d« +-"9+16 da + 8 ^1 ~ 4 da ~ 4 "'^4 — "gd^ — -« 1 

P 3 a 3ja , cP_ , _a_ , p _ ^ « , a , 

^3 — — 2 a;^ + 4 af ^3,0 - 2 a 2 ''s,! " 4^2 63,2 ^9 — 8 af "" 16 af *3,0 " Ig^ ^3,2 

„ _ _a_ _^ 7 _a_ , _3a^ »f _ _f 1 -2_ ^ _£_ h 

^^~ 1af~ A af ^3,0 — 2 af ''s,! + 4 af ^3,2 -« 1 — " 2 af "1" 4 af '^s.o — 2 af *'3,2 

^1 — af ~ a^ 2 ~ 2 "•" I6 -"l ~ 4 ""^ — 2 — " 8 af "•" I6 af "^0 "r g af 03,1 — ^af '^3,2 

P-lAr ^p w — 1± -i£- ;, j_ i^ ^ A!^ h 

-«9 -t- 8 '^l "~ 4 ■"* ~ ""1 ~ 8 af ~ l6af ^^3,0 -t" q «3 03,1 " 16 af '^3,2 

„ _ £a 3g , _a^ , _a_ , Qa^ (a_, \ 

d «3 — — g ^^ -t- jQ ^^3 03,0 i- 4af ^3,1 — 8 af -3,2 — ]6 «« \a^ \^ ~ ^5,1^ 

~ ¥ 1^* (^ ^5>1 ~ Y ^5.0 ~ "i" ^5,2) — ^3 (^— h,% — -2 ^5,1 — -Q h,i) I 

3a 3 a , 5 a^ , 5g , 

+ 8 a/ ~ I6af *^3,0 + g^s 03,1 — \^ 0^,1 

— I^ A 7 a , 9a^ ( a_ , , \ 

— 8 «f ^3,1 - 16 af ^3,2 — 16 af \ a, ^5,0 " *^5,iJ 

3 f g^ / a^ + af a_ ±i\ _2!_a i _2!_A i ^* a «% 1 

~ 8 I a,3 V a? ^'^ ~ «. •'^''' ~ «/ ^'V ~ 2 af'^>^ + 2 a/*5,3 + 2 a/^5,0 " 2 a/ ^5.2 J 

3«^ , 3a , 9^7 I _9i^A 

~ 8 af ''3,1 — 16 af .^,2 " 16 af %,0 + 16 a^ "^^ 

P' — <* i I 3«^ / 3«^ , 

^ 3 — — 16 af ^3,2 -T 16 af ^5,1 " 16 af ^5,2- 

If jR'ig denote that part of the coefficient of cos (r — | + ?/) which is multiplied by e, e3, 

»( Q!;d XV 3 p, 

— « 7 9a^ 3^, 3a^ /a , J_ , _L z \ 

— I6af ''3,2 H- 32 af h,\ — Saf %2 + 32 af {a, *5,2 — 2 %i — 2 »5,3y 

" 32 { < (:^ hi ~ 2' ^7,0 - "2 ^7,2) - ^5 (^ h-2 ~ 'o ^7,1 - 2" *7>3J j 

a, 3 a^ y Scfi 

+ r6^2 »3,2 — 16^8 h,l + ]6af 05,2 
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— 64 a 3 ^5,1 - 32 a3 *5,2 — 64 af \^ ~ 31\~ a^\ af *7,2 — a^ *7,i " a^ »7,3 j 
~ 2 « 4 07,0 -t- 2 a 4 ''7,2 i- 2 a/ ^7,1 ~ 2 «/ ''7.3 J 

— 64 af ^5.1 ~ 32 «/ *5.2 — 64 ^8 %,3 + 32 «/ ^5,2 + 32 af *5,l ~ 16 < ^5,2 

— 32a^3^5>i ~ 16 a/ ^5,2- 
Hence iJ contains the term 

'''^z 1 32^* ^5.1 - I6< ^5.2 j e, e3 COS (r - I + ?^). 

Calculation of the Coefficient of e ef cos (r — | + |,). 

If i?i9 denote that part of the coefficient of cos (r + 2 1^) which is multiplied by ef, 
Rj COST ef, 

R'l ef, 

R^ cos (r — I,) e,, 

R7 cos(r + |;) e,, 

J^7 ^; 5 

, _ a,dRy aid R^g , p , £ aA ^i r ^ » A (^,^^6 ± n «/ d /?i p, 
"^^r — 2da, ~ 2cla, "T -"w "^ 16 da, "T" 8 ^1 ~ 4 da, ~ 4 ^6"" 2da, ~''^i 

„ _ _£j^A _i_ T, -JL. h n — « g T « T 

^7 — 4 «/ ^3.0 ~ 2 c, "3.1 ~ 4 « « ''3,2 -«19 — saf~ 16 «f ''3,0 — 16 a/ ^3,2 

,, 2a a , _1_ J 3a , , a a , a , 

^^fi — af ~ 4 «/ *3,0 - 2 fl, *3,i -r 4 ^^. 03,2 ''* 1 — ~ 2 «/ + 4 af "'^fi ~ 2 af "3,2 



^i = ^-i;^i 



2 ~ 2 + 16 ^1 ~ 4 -"6 ~ 2 "" "" 4 a/ + l6a/ ''3,0 + 8 a, ^3,1 " 8 af '^^fi 
«19 T- 8 ^^1 ~ 4 ^6 ~ ^1 — ~ 2 a/ ~ l6a/''3,0 + 8 «, "3.1 ~ l6a/ "3,2 
^ ^7 — 2^ ~ 8^ "3,0 - 8^^ »3,1 + 4^ »3,2 + 16-^ V"^ "5.0 ~ "5.1/ 

+ "8 { ^ V"^ ^5.1 ~ "2 *5,0 — -2 *5,2 j ~ ^ V^ *5,2 - -2 ^5,1 - 2- ^5,3/ J 

~ 2^ ~ TEJf "3,0 + 8^ »3,1 — 16;^ »3,2 

— 9« / I _i_^ a 7 3 f a / a^ + af , a_, ^h\ 

— ~ \Qaf "3,0 + 2 0; "3,1 - i6fl/ "3,2 + 8 \ a/ V a/ "3.2 - ^^ ^s.l - ^^ 053^ 

g^ , g^ , g , ^^ g , ") ^^ ^^ a 9a^ , 

+ 2 a/ "3.1 ~ 2af "5,3 — 2 a/ "s.o + 2g/ "5,2 J + l6a/"5.0 ~ l6g/"5,i 
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— ~ 16^2 ''3,0 -r Qa, %^ -r iQaf <'3,2 — 8 «/ ^3,2 -t- 4 ^^ 033 

~ 8 «^ ^3,1 + 16 a 4 05,0 — 16 ^^s 05^1 

— ~" 8 a, ^3,1 - 8 a,8 03,1 + iQ ^^2 03,2 " ] 6 a^ 03,2 + g „^ t'3,1 + jy „4 65,0 " hJ^s Or,\ 

^7 — - TeTp *5,i + 16 « 4 05,2 

If R'i5 now denote that part of the coefficient of cos (r — S + S) which is multi- 
phed by e ef, 
, _ adi?7 „ 

_ 3 a^ 9 0^ , , }±<l , , 3g/ 

~ W^ *5,1 — 32 a 4 05,2 + 32 a^* O5 2 -h 33 ^a O5 1 

SflS 3a^ , 3a« 

~ 16^ ''52+ J6 «^3 %,i - 16 «/ %,2 

15 «V 3^3 , 



m, 



— 32 «3 "5,1 16 a^ 5,2 

Hence i? contains the term 

{ ¥2^ ^5,1 - -T6 < *5,2 ) e e 3 COS (r - 1 + |> 

I have found that the disturbing function contains the term 

-|¥#^5.2«^^,^cos(2r-2H-2|). 

As I have given elsewhere the details of the calculation of this term, it is unneces- 
sary to repeat them here. 

In order to obtain the terms depending partly upon y^^ y/^, &c., from the same 
equation, the following transformations are necessary : 

cos X' = cos (X' — )» + y) = cos (X' — V) cos V — sin (X' — v) sin v 
tan (X' — f) = cos I tan (X — €) 

1 • /i' \ cos(tan(A — f) 

cos (X - = -jTT^T^W^?) ''" (^ - ") - 71+cos^taF(rrl) 

., . cos^ — COS (X — S + v) + sin- — cos [>. — ^ — v) 
, _ cos V — COS I tan (X — 5) sinj/ 2 2 

cos X — — yi +cos^,tan'^(X-6)' ~ ^yT^^^^iii^i^m^TA^^T-g) 

cos^ — sin (X — § + y) — sin' — sin (x — § — v) 
, _ cos I tan (X — g) cos v — sm v 2 2 

smX — JY^^r^^^^x&n^'Jy:^^) ~ ^I^ sin* . sin« (x - S) 

r^ = r ^ i — sin^ » sin^ (X — ?) 
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r' r] {cos (X' — X_,) •\- ss^ = rrA cos^ y cos^ ^ cos (?i — X^ — g -|- g^ + c — c^) 

+ sin2 — cos -^ cos (X + X^ — 6 — 6^ — ^ + f,) 
+ cos2 -^ sin2 Y cos (X + X^ — g + c — r^) 

+ sin2 y sin2 -^ cos (X - X^ - S + g^ - y + v) 

, tan I tan I, . p. , ps 

H 2 — c^s (X - X, - g + g,) 

tan » tan t, /, , ^ p ■ p \ 1 
2 cos (X + X, - g + g,) j 

Iftan/ = y, cos^y = I - ^ + -^/ sin2y = ^-^/. 

l{nt — nit + s — t,— ^+^,-\-v — v^ be called r, 
and if Ji ^ + s — g = J? w, ^ + e^ — g, = ??, since when the eccentricitie:^ 

are neglected X = ?z f + s, x^ = », # + S/j ^' = «, ^; = «/ 

rV/{cos(X'— X\) + **;} = aa^-j cos^ y cos^ ^ cos r + sin^ -j cos^ -|- cos (r — 2ri) 

+ cos^ y sin^ y COS (7+2 ??;) + sin^ y sin''' y cos (t— 2 ;? + 2 ??j) 
+ 5^' cos {ri - n) - 5^' cos {r, + ^,) 

+ 4j-cos(r-2;; + 2;7,)+^(l _ ^ - ^) cos (;, - ,/) 

In order to have the terms required depending upon the squares of the inclina- 
tions, it is sufficient to take 

11= - -^ l"^ V + V^OS'' + ^1,2 cos 2 T + &C. j- 

+ ^ { y ^3,0 + ^3,1 cos T + ^3_2 COS 2 7 + &C. | 

I V 2 ' ) cosr -^ COS (r - 2 ;;) - ^ cos (r + 2 ;j^) 
— y y, COS (;? — JJ;) + y y, cos (?? + ??,) > 

K 2 
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m C \ 1 

— ~'7i\~2 *i.o + ^.1 ^^^ "^ + *i,2 COS 2 T 4- &c. I 

+ S^ (r' + y') ki + ^ (^3,0 + M (y' + y^ COS r 

~ 8V ^3,0 7^ COS (t - 2 ;?) - g-^ ^3^0 7/^ COS (r + 2 ;j,) 

~ 4^ ^3,0 7 7/ COS {n -n)-\-j^ b.^^^ cos {n + ^i)-q^ 63,1 7/ cos (2 r - 2 >?) 

~ 8^7" *3,i 7^ COS 2 ;? - 3^ ^3,1 r/ cos (2 r + 2 ;?^) - ^^ ^3_i 7^2 cos 2 ;?, 

~4a7"^3,i7 7,C0S(r- ?; + ;?,) + j^ ^3,1 7 7/ cos (r + ^ + ^5,) 

, m.a , , . m.a J ,„ , \ ■ o 

+ 4^^3,i7 7/COs(7-— ;; — »?,) - j^^3^2 7 7,cos(2r-;j + ;7^) + &c. 

As before, -Te = T? Te + dKd7> 
but in this form of development' 

dA.~"dT~'"d>j d\~~ dr * d^i' 

Calculation of the Term in R multiplied by e^ y^. 

^2 — dT" -"0 ~ 8a,2 ''3,1 

^2 — — 8^ 03,1 + 8 a^ \a, ''^.l ~ 2 %'i ~ 1 ^^>^} 

— ~ 16"^^ "5,0 + 16 «3 ^5,2 + 8 « * *5,i — 16 «^3 %,o — 16 « 3 05,2 

— ~ 8 a 3 *^5,0 + 8 «; ''s.l- 

If the term in R^ multiplied by e^ y^ be called /f'o, 

„ «d/?o « d i?, 
2-^0 = oAn + 



2da "*" 2da 



3a^ , 3g^ Ja^ ^^ 

16 aS *5,o — 16 a4 05,1 + g ^3 65,0 — jq ^4 03,1 



~ Tej < (^^7,0— *7.i) - aS \a^ ^^^ ~ 1 ^7.0 ~ 2^7,2) I 
= Tel^ *5,0 — T^4 ^,1 - 16^- „ 4 (^ ^3 O7 1 - ^^ O7 - a, «7,2J + 2 a,=^''7.0 - aa/^7.2/ 



9a^ , 3 a^ 15a3 3a^ 

16^ V — 4a^4 65,1 + 16 ©4 05,1 - i6a4»5,i 

9 a" , 
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Hence R contains the term ' 3 65 q e^ (y^ -|- y 2)_ Putting for fcj q its value in series 

d Q Til (* 

according to powers of — , neglecting yf', I find for the lunar theory -j^^ e^ y^, 
which agrees with the result I have arrived at elsewhere by other methods. 

Calculation of the Term in Rq multiplied by ef y^. 

n _ ^/^-^o D 'i_ h 

■> ~ ~ Aa, ^0 — 8 a,8 03,1 

» — -^ ; 1^ (±1 —-h JLh \ 

^s — 4 a 2 0.^,1 — s «3 \^^^ «5,i — 62 05,0 — 2 ''5,2 j 

~ 4 a/ ''3,1 ~ 8 a/ *3,l + 16 ^^2 ^5,0 — 16 «» %2 — 8 a^ 05,1 + iQa,^ %o + jfja^a h,2 
— 8~^ hi + FZ8 ''5.0 ~ 8^ \l- 



If i?"o denote the term in Rq multiplied e^^ yf, 
^"0— 2da^ ~ 2 da, 

— ~ Tg^ '^s,l — 16^3 05,0 + 16^ 05,1 + 8 af •■',1 + 16 a/ ''5,0 — 4 ^4 "5,1 

3a^ (a I , 1 A \ _i_ 15 a^ 3 a^ 

~ 16a«V«/ ^'1 ~ 2 *5.0 ~ 2 ^25J + 16 a/ ''5.1 ~ Hia^^M 

9a« ^ 



~~ 16 a/ "5.0- 

9 ?K a® 9 M a^ 

Flence jR contains the term „,/^3 65 ne.^ (y^ + 7/^)5 or in the lunar theory ,,.'3 e"^ y^. 

Calculation of the Term in R^^ or (R^) multiplied hy y^, 
-^3 = - ITa' ~ ^1 ^1 = TTf ^ho + ^3,2) 

^^3 = - re^ ihfi + h2 + ll^^ (^ ^5,0 - &5,1 + ^ &5,2 - T ^5,1 - 4 ^5.3 } 
~ Jo/ (^3,0 + &3,2 

— 3 a / g' + < , oil ^ \ « , 1 3«^ 7. 3«* J. 

- ~ 16 a,^ V < ^'^ ~ «, ^'V ~ 16 a; "^fi + 16 a* ^5,0 " To^ ^'^ 

3a^ , 3a^ 3a^ 3 a^ 7. 1 _? '^^ A 

+ 1 6 a^ *5,2 32 a 3 "5,1 32 a 3 05,3 — 32 « 3 65,1 + 3^ ^^^3 65,3 

a_ , ^^ r, .j_ ^ ^ h 
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If the term in iJjg multiplied by y^ be called Ii\r,, 

^ 15 — ~ 2 da, ~ -"3 

— ~ r6< ''3,2 - 16"^ %0 + 8~< 05,2 + 32 I a 3 i^ «, ^r.O " 07,1; 

~ ^ V^ ''7,2 - "2 ''7.1 - "2 ^7,3; / + 16 < ''3,2 + 16 a,^ %0 - i6"a;4 65,2 

— 16 «* ''5.2 + 32 I ~ aS V—V"" ''^.l - a, ''7,0 " «^ ^7,2 j 

~ < (~^~~ '^^'^ ~ "^ *7'1 ~ «/ ^'V ■•" 2 «/ ''7,1 - 2 «/ "7,3 j j 

— 16a/ %2 ~ 32 a^s ''s.l ~ 32 a,* ''5,2 + 16 a* ''5,2 
15 a* , 3a8 , 



~ 32 a/ "5,1 32 a^2 "5,2- 

Therefore R contains the term 

^/ { - i^3 65,1 - i-^i ^v} e e, (y2 + y^2) cos (r - I + I,). 

Calculation of Rm, or the Coefficient of cos (r + I + f / — ^n), in the Development of R. 

Distinguishing at present the argument r + 5; — 2 ;j by the index 7, and the argu- 
ment T — 2 ;? by the index 1, 

_ ttidR, „ a_ 

^7 — - 2da; ~ -"1 -«l — 8 aa'^S.O 

„ _ a 7. , _L?1 /^ 7. A \ _L -^ A — -ii^ A 3a^ 

^7 — ~ F^ "3,0 + 16 a« V"/ ^>'' ~ ^'V "*" 8 < ^'° ~ 16 < -^'O ~ 16a,^ "5,1 

^'"i — "~ Td^ ~ -"7 

9aa ■ 2fl* 15 fa* /a , , \ 

= - 32< *5,0 + 16"^ %,1 + 32 I ^» V^*7,0 - t>7,l) 

~ < V^ ''7,1 - ¥ "0,0 + 2" ''7,2; J- uT^* 05,0 + 16 «/ ''3,1 

15a3 , 15 fg^ / a^ + < ^ .o'^A \ _f5l.A j__^a "l|3«% 

= ~ 32^ ^'« "^ 32 I a^n al' ^7,0 + ^ «^ o^^j j - ^ ^4 "7,0 + 2 «* »7,2 J + 8 a « ''5,1 

15 a* j-15«^ , 3a^ , Ifl a — l^L h 

~ 32^ "5,0 + 32 a 4 "5,0 i" 32 «3 05,1 -^ g ^^3 %,! — 32 „3 Oj^i. 

Hence iJ contains the term ^-3- &g^i e e,Y^cos{T-\-l + li~2n). 
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Calculation of iJjy , or the Coefficient of cos (r — | — |, + 2 ^7^), in the Development of R. 
Distinguishing at present the argument r — | + 2 j?^ by the index 3, and r -{■ 2^1 
by the index 1, 

-^3 — ~ 2da ~ ^1 -"i — ~ 8 «/ ''3,0 

_ 3a , 3«3 3 a« 

■- \^af *3,0 — 16 a 4 05,0 + 16 «3 05,1 

-"iv— — 2 da, ~ ^3 

— 16 a} ^3.0 - 8 «4 *5,0 + 32 a/ %,1 " 32 aj" V«, *5.0 ~" ^5.1/ 

+ 32 a,* "5 — 32 «« *5,l — 16 „ a O3 •+- ^^ ^4 65 q — jg ^^^ 65^^ 

— 32 «/ ''s.l- 

Hence /? contains the term ^^'^3 b^^ e e, yf cos (r — | — |^ + 2 ?;,). 



Calculation of R^, or the Coefficient of cos (I — S, — '^ + ??,), ^"?^ <Ae Development of R, 
Distinguishing the argument ;? — ??, — f by the index 3, and ;? — ^, by the index 1, 

^3 — — 2 d a^ — ^1 ^1 — — 4 a,« ''3,0 

•"v — ~ 2 d a, ~ ^3 — 16 gs %l 
Hence R contains the term -j^^ ^5,1 e e, y y^ cos (S — f, — ^ + ??,). 

Calculation of R^^, or the Coefficient of cos (1 + Sy — ?? — f}), in the Development of R. 
Distinguishing the argument >? + j;, — f by the index 3, and ?? + J?; by the index 1 , 

^3 — — 2 d g ~ -^1 -**! — 4 g,2 ''3,0 

_ ^i^^a n _ 9g^ , 

^vi — ~ 2 d g; -«3 — - 16 g/ "5,1- 

9 »i g^ 
Hence U contains the term \g^ ^5,1 cos (§ + I, — »j — ?;,). 

Calculation of R^^^, or the Coefficient of cos (2 r + 2 1^ — 2 ;;), in the Development of R. 

Distinguishing the argument 2 r -- 2 ?j + |, by the index 7? and 2 r — 2 ;? by tlie 
index 1, 
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I? _ ai^Ri „ „ Tf — ^ h 

_ « 7 I 3«^ (^h — h — h \ A. — h 

— 8^ *3,l + 16 fl 4 05,1 - 32 ^s Or,o — 32 a 3 %,2 

_ Al'l ;, 3a^ 3 a-'' 3 a^ 3 a^- 

— 16 a/i ^5.0 ~ lei a* *5,2 + 16 a 4 %,! " 32 a^s 05,0 — 32^3 05,2 

— 3a^ , 3a^ , 9 o^ , 

— ~ 32 a 3 ''5,0 + 16 fl^* O5.I - 32 ap *5,2 



3 or 

— j^r-p in the lunar theory. 
^^^"— ~2da -^^7 4 da; ~ 2 -"1 



2 — 4 -"l ~ ~ 64 a^s Og^o — 32 a* *'5,1 + 64 a^ "5,2 + 6-4 „» ''5,0 " 64 af *'5,2 



3 «« 3a3 



~ 32 ftS "5,0 32 



~ 2 «7 - 2 ^1 — "~ 16 a;3 ^^5,0 — 8 «4 05,1 i- ig ^3 65,2 + S2^s h,0 — ^^aj" ^5,2 



— 32 a 3 ^5,0 — 16 0^4 »5,l + 32 a 3 05^2 



9 o^ , I £^^ 
i a 3 05,0 + 8 , 



2R^„ — — ^s^a 65.0 + 8 „^* 05,1 + 32 I a 4 \^^/^ O7 — 67 j^ - ^^5 \ ^^ 67 1 — ^ »7,o - 2" ^7,27 j 



+ 32 a 3 "50—8 a 4 ''s,! "T 32 «/ °5,2 



_ ^ "^ ;. A.—S — i'i-±l^ h B.h ±h \j^ Jt.. h «'' i 1 

— 32 a;3 ''5,2 + 32 I ~ a* \ af '^r,! " a, "^fi ~ a, ''7.2/ + 2 af> '^rfi — 2^ 0^,2 j 

3 a^ 15 a S 3 «« 

— 327^ '^5,2 - J2 a 4 *'5,1 + 32 a* "6,1 

3 ftS _3a^ 

— ~ 8 a* "5,1 + 32 ffS 05,2- 

Hence i? contains the term m, | - ^^^4 h,i + 64^ ^5,2 j ^/^ 7^ cos (2 r ^- 2 1^ — 2 ;?). 

Calculation of R^^, or the Coefficient o/" cos (2 | — 2 tj), in the Developmetit of R. 

Distinguishing the argument | — 2 ?! by the index 65, and the argument 2 ;j by the 
index 62, 

^60 = — 2 d a '^ ^62 ^^62 — 8 a,^ "3,1 
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Ff — ^ h 3a^ / a I , J_ /. ^ r "^ z, 

^65 — iGa2 »3,i — i6a3 \a, %i ~ 2 ^5,0 " g »5,2y + 4 «^9 03,1 

~ 32 a 3 05,0 — 32 « 3 05,2 — iF^ *5,l + 32 '«3 »5,0 + 32 a^s %_2 + 4 ^^s 63,1 

— 4< *3,l + 16^ 05,0 — jQaf' *5,1 
= g — 3 in the lunar theory. 

-^ «viii — — 2d« — ^ ^65 — 4da "~ 1^62 

— ^^l h _L 9«' Z. r ^<^^ A -^ /, 
~ ~ 16 a3 05,0 + 32 ^4 05,1 '+ 32 ^s 05,0 " 32 a*. 5.1 

a, 3 a^ / a , 1, ^7,\ 

~ 8^ *3,1 + 8^ V^ °5,l - -2 »5,0 — Y "5,2/ 

+ i{ -^ V:^ ^7,0 - Z*;,!) - ^(^ &7,i - 4 ^7,0 - Y ^7,2) } 

3 a^ 3 c^ a 5 a 

~ 8 ap "5.0 + 8 V 05,1 — 2^ 03,1 + 16^ 03,1 

— 15 a^ 15 a^ 15 a^ 3 g^ 

~ ~ 32 a 3 "s.O ~ 32 ap "^fi + 32 af 05,2 + 4 « 4 65,1 

+ 32 1 ~ < V~~<~ ^7,1 - a, ^7,0 - a, h,2j + Y^ h,0 — 2^ 07^2 | 

_ jL5a2 Qa^ £a3 15 a^ . 3 a^ 

— ~ 16 « 3 *5,0 + S2 ap ''5.2 + 4 a* ''5,1 ~ 32 a* °'^^ + 32 «/ 05,1 

— ^^^^ h _L ^ A A. ^^^ h — 1±, 7. . Af'-l. A 

— ~ 16 «« "5,0 + 8a4 *5,l + 32 a 3 05,2 — " 8 a^^ ''5,1 + 32 a? ''5,2 

= ~ * 8 — 3 ^"^ ^'^^ lunar theory. 

C 3 a 3 a^ 1 

Hence R contains the term < — j-^j— , b^^^ + ^4-^ h,2 ( ^^ 7^ cos {2^ — 2fi). 

Calculation of R^^, or the Coefficient of cos (2r — 25 + 2 ;?j), ira ^Ae Development of R. 

Distinguishing the argument 2 r — | + 2 ;?, by the index 3, and 2 r -}- 2 ?j^ by the 
index 1, 

^3 - - 2 d^ ~ ^1 ^^1 - ~ ¥^ ''3,1 

P _ g 7 3a^ /a_ Ji_, J_A\r g I 

^3 — i6a^3 03,1 - i6ai^\a, %i " 2 ^5,0 — 2 '^5,2/ + JJ? h,i 

15 «^ 
* -RvmCor E77) = — -— — , this agrees with the result I arrived at formerly, since confirmed by M. Poisson. 
16a^^ 

MDCCCXXXV. L 
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— 32^ ^5.0 ~ 32 «8 ''5.2 ~ 16 « 4 05,1 + 32 af V + 32^3 ^5,2 + 4^ ^3,1 

a_ , 3g^ , A?! A 

~ 4 a/ *3,l + 32 a 8 %,0 32 af ^5,2 

^-"ix— ~ 2da —^-"3— 4 da ~ 2 -"l 



— 2" ^3 — "i" ^1 — ~ 3 « 2 ^3,1 32^2 *5,0 + 32 « 4 05,1 + 32~^2 03,1 

— ~ 32^ ^3,1 — 3^3 65^0 + 32^ 05,1 

— 2 i«3 — -2 ^1 — ~ 8 ff,^ *5.0 + 8 « * ''s,! — 8 a 2 03,1 + 16^3 03,1 

_ 3a^ , 3a3 3g , 

— ~ 8 «3 05,0 + 8 fl4 05,1 — 16^3 63,1 

^ r. ^ 3«' 7 , 9 a' , , 3 a^ /^ _1_ J_ 7 \ 

2 -^ix = — 32:^2 03,1 + 16 ^^8 05,3 + 32 « 4 "5.1 ■ 33 a 8 V «, %^ ~ 2 "s.o ~* 2 ^5,2/ 

+ M { $ (^ &7,0 - ^7.1) - $ (^ ^,1 - Y ^7,0 - ^ h,) } 

^^^ h _L If!, h 3a , 

"~ "S^ *5,0 + 8 a/ ''s.i ~ 16 a; ^3,1 

__ 7a 39 g^ , 3_af^ , _S^ , 

— ~ 32 af ''3,1 — 64 fl3 »5,0 + 4 a 4 ©s,! — 54 « a 05,2 



+ 



15 r aS f^ + al , a ± i, \ , _£L /. ^ A X 

32 I ~ < \~""<~ ^7.1 ~ T, ^7,0 - a, ''7,2; + 2 «/ ''7,0 - 2 «/ ^7,2 j 



_ £1^A _|_ Q' a% 39 g^, , 3_«l7 3a , l^j*^ x 3 a^ , 

— ~ 64 a3 "5,0 + 64 a^ %2 — 64 af %0 + 4 «^4, 65,1 — 64 a ^ %2— 32 « 4 65^1 + gg „ *»5,i 

— ~ 8^ *5,l + 32^3 05,2- 

r 3 ^ 3 ^2 -J 

Hence J? contains the term | - jq-^ b^^ + ^^^3 ^^g 2 [■ e2 yf cos (2 r — 2 | + 2 ??,). 

Calculation of R^, or the Coefficient of cob (2 |^ — 2 ti^, in the Development of R. 

Distinguishing the argument 2 ^j^ — I, by the index 65, and the argument 2 fi^ by 

the index 62, 

_ g^d^ „ _ a , 
-"65 — 2 d g, "^ -" 62 «62 8 af ''3,1 



i265 



_ a , 3g^ /^ J^ ^ /, ^ I a , 

— ~ 8g,2 03,1 i- 15^3 \^^ %,! - 2 ''5,0 - 2 ^5,2; + 4-^ 03,1 



_ 3g , _L^A _|_ 3g^ , 

— 16 af ^3,1 — 16 af %^ + 16 af "^^ 
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~ 16 a,2 03,1 — 32 ^^3 65,0 H- 8 a* *5,i — 32 «8 \^ ^^ Ogj — ^ d^^ — ^ b^^i) 
~ * 32 «4 *5,l + 32 a* ^5,1 ~ 8 af ''3,1 + 8 af 05,0 — s^ % ^ — jg^^^ 63 ^ 
+ 32 « 8 \a, \l ~ 2 "5,0 — 2 "W -r 16«/ ^3,1 
" 32 «3 05,0 — 16 «^a 03,1 — 8 «4 05,1 

— ~ 8 «4 ''5.1 + 32 « 3 05,2- 

r '3 «■'' 3 «^ 1 

Hence R contains the term | — j^^ Jg ^ + gj^ 65^2 [ «/ 7? cos (2 |, — 2 sj). 

Calculation of the Term in R^^ multiplied hy e^. 

Distinguishing the argument r — ;j + jj, by the index \, r — ?j + ??, — | by the index 3, 

and T — J? + 'J; + S hy the index 4, 

-"3 — — 2 da ^4 ~ 2d« "~ -"3 ^1 — ~ 4 a/ °U 

O _ " ;, 3<»^ /^ A ^ /. ^ /. \ 

^3 — 8< ^3,1 — 8 « 3 V «, *5.1 "" "2" *5,0 ~ ¥ *5,2; 

— ] (j a/ *5 — 16 af "^fi ~ 8 a/ %l + Jq^ h,o + ig «3 05,2 

_1^ , 3 «« 

— 8«s»5,o~ 8< V 

adi?i adBg ad ^4 adR^ ad Eg 

^xi ~ 2da 2da 2da ~~ 2da da 

~ ~~ 4< \o + 8 a4 05,1 + 8 ja* Va^ O/,0 " ^ij-a," \a, ''7,1 - 2 ''7,0 " 2" W J 
~ 8 «« ''3,1 + 8^ \a, "5,1 — 2 %0 ~ 2 ''5,2/ 

— ~ 4 af %o + 8^05,1 + 8 I ~ a4 V~^ »7,i " a, ''7,0 ~ a^ ^7,2; + q a,' *7,o " i^^.aj 

3a^ 3 «2^ 3«3 3a^ ^ o^ 

~ 16 a^ O5 + I6 a 3 05,2 + 8 a* %^ ~ 16 ap *5,0 "" I6 «/ %2 

— "■ 4 aS »5,0 + 8 a 4 »5,l " 3 a / *5,l + 3 «* 05,1 — 16 « 3 05,0 

* For certain reductions which occur here, see the calculation of -Rym- 

l2 
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+ 16 ftS %2 -r Q ^4 65,1 — i(j «« "5.0 — 16 ap ^5,2 

Therefore i? contains the term — jQ^a &5,o ^^ 7 7i cos (r — ?; + ??;)' 



Calculation of the Term, in R^^ multiplied hy e^. 

Distinguishing the argument r — ;? + |^ by the index 1, the argument r ~ n-\-n, 
by the index 6, and r — ;? + 'J/ + i< l>y the index 7, 



^6 — — 4 «« ^3,1 + 8 a3 V«, *5,1 — a ^5,0 — 2 ^5,2 j 



_ 3a^ 3a^ 3_a3 3 g,^ ^a^ ^^ 

— ~ 16' a 3 ^s.o -1- 16 a3 05,2 + g „4 65,1 — ig^s Og^o " i6«3 65,2 — s «f ''3,1 

— ~ 8< ''3,1 ~ 8^ ''5,0 + 8^4 05,1 

U) d jBj «, d i?g a, d jB; a^ d i?i «; d i?g 

^ ''^xi = 2d«, ada, 2d«, Sda^ d«j 

^^xi— — "8< °5,0 + 2 a4 05,1 - 4 ^^2 03,1 

+ T { I? (^ ^7>0 - ^7,1) - ^^ (^ ^7,1 - i &7,0 - i h^ } 
+ 8a3 \a, \\ - 2 "3.0 ~ 2 "s.sj + 4< ^3,1 - gaf \^«^ 05,1 " 2 ''5,0 " 2 ''5,2; 

- ~ 8 «» ''5,0 + 2 a * ''5.1 ~ 8 ap ^^fi + 8 af °5,2 " g «< ^5,1 + g ^^4 65,1 + g «/ ''s.x 

3a^ 3«^ 3«^ ^o^ 3«3 3 a^ _3a2 

~ 16 a/ ''5,0 - 16 a,« "5,2 + 8 a^ °5,0 ~ 8 a^ "5,2 ~ 8 a* "5,1 + 16 a^ "5,0 + 16 «,» "5,2 



— 8 < "5,0- 

9 a^ 
Therefore R contains the term — Tjr—3 ^5,0 ^^ 7 7, cos (r — ^ + ??;). 

Calculation o/'Uxn ^^ '^^^ Coefficient of cos (t — 2^ -\- }j -\- >j) in the Development of R. 

Distinguishing the argument r + jj + ??^ — | by the index 3, and r -f- ^ + ?j^ by the 
index 1, 

^3=-^1:T-2^1 ^1 = 4<^3,I 
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It is evident from the calculation of Ryyh that B contains the terra 

{ ^ ^5,1 - ^^3 65,2} eV 7; COS (r - 2 ? + ;, + n)- 
It is evident similarly^, and from the calculation of i?x> that R contains the term 

{1^ ^5,1 - ^8\2}^;'yyiCos(r + 2?, - n^n^. 

Calculation of R^„ or the Coefficient of cos (2 r — I + f; — ^ + '?;)• 

Distinguishing the argument 2 r — jj + 'J; + ?; by the index 7, and the argument 
2 r — ;j + ;?; by the index 1, 

^7 — — 2 d «; ~ ^1 -"1 — ~ 4 «/ '^3,2 

^7 = 4^ ^3,2 +8^ \^^ hfi — Y ^5.1 ~ ¥ ^5.3/ + T^ ^3,2 

-"■XIV — 2 d a 7 

_ a T 9a^ , 3a^ 3 a^ /a 1 jL 7. \ 
8«/ "3,2 - 16 a/ "5,2 + 8«,3 ''5,3 — 8 a/ \a, °5,2 — 2 %l ~ 2 *5.3J 

+ fl {^^ ("^ ^7,2 - y &r,l - y ^7,3) - ^ (^ &7.3 - i ^7,2 - i &7,4) } 

g , 3a^ , 3«^ 

+ 4 af "3,2 — 8^ 05,2 + 8^ 03,5 

_ 21 «^ , 15 «^ 3a 

— ~ 16a4 05,2 + 8 a,^ h^ + s af ''3,2 

15 fa^ / g^ + < _a JiiX J^aiJ^aiJ^^ ""/,! 

+ 16 I a/ V «/ ^'^ ~ a, "7,1 - a^07,3J - 2af °7,2+ 2a'4»7,4 + 2^/^7,1 " 2^1.07,3 j 

_ £L^7. _|_ 15a\ 9a^ 9 g^ 15 a^ 9 a^ 3 a^ 

— — 16 <^'2 "^ 8 g;3 ''5.3 + 32 g 3*5,X ~ 32 a a^S.S + ig a/''5,2 " ig a 3 "5.3 + 8 a/ *5,2 

_ 9a^ 33 a' 

— 32 a 3 ''5,1 + 32 ap K^' 

Therefore R contains the term 

r 9 a^ 33 a^ 1 

{32^365,1 + 32-fl7 ^5,3 j «^/yy/COS (2r - 1 + I, - ;? + ;j^) 
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R = * terms independent of the quantities b 
~T\T Ko + Ki cos r + 61 2 cos 2 r+, &c. j 
~ ^ { ¥ ^3,0 + *3,i cos r + ^3 2 cos 2 r +, &c. j 

3 a' f 1 ") 

~ 8l8 I T ^5.0 + ^5,1 COS r + ^5 2 cos 2 r +, &c. j 

I (Y + yjcosr-^cos(r — 2j?) — ^ cos (r + 2;? j — yy,c6s (;? — ;? j + yy,cos(;j4-?j^) i 

I (,"2 + 2 j ^^'"^ '^ -- 2 cos(r — 2;?) — -f cos(T + 2r}) — yy^coB{n — n) + yy^cos {ri-\-ri) V 

= |^+^' + ^*j{l+cos2r} +|^-^-fe'j{cos(2r-2;;)+cos2;?} 

+ I _ fe' _ ^1 {cos (2 r + 2 j;,) + cos 2 p?,} 

+ I _ fe _ ird.^ {cos (t + p? - »;,) + cos {r - n ->t rii)} 

+ y 7;{ ^ + ^} {cos (r + Jj + n^ + cos (r - j? - ;7^)} 

+ ^ { 1 + COS (2 T - 2 ^)} + ^' {cos (2 r - 2 »? + 2 jj,) + cos (2 »? - 2 n)} 

+ 5^ {cos {r — yi-n)-\- cos (r - 3 >7 + jj^)} 

+ 5^ {cos (r - ^ + ^j) + cos (r - 3 ;? - J?,)} + ^^ {1 + cos (2 T - 2 »?,)} 

3 2 2 

+ ^^^{cos(t-;7 + j?^) + COs(t-;7 4-3j?^)} +^{1 + COS (2;? - 2;jj} 

2 2 2 2 

- 51^ {cos 2 »? + cos 2 ;7j + ^ { 1 + cos (2 »? + 2 ;?,) }. 

* It is useless to consider these terms, because as R contains no term multiplied by — j, if the other part is 
found to contain any term multiplied by — it must be neglected, that is to say, got rid of by adding a sirai- 
lar term independent of the quantities 5, and with a contrary sign. 
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In order to obtain the term in R depending upon y*, y^, yf and y,*, it is sufficient to 
take 

^ = ^ { ¥ ^^3,0 + ^3,1 cos r + ^3^2 cos 2 T +, &C. j 

I - (|-y2 + 2^ + |- y;) COST + yy, (y2 + y2) cos (;? - >?^) 

- ^ cos (t - 2 jj + 2 ^^) +, &c. I 

~ Ttf { '2 ^5.0 + ^5,1 COS r + ^5 2 cos 2 r + , &c. j- 

I (^ + ^) cos T - ^ cos (r - 2 ;?) - ^'cos (r + 2 jj,) 

— y y^ cos (ri - n) + 7 7, COS (;? + n) > 

~'^ \2 ^3,0 + ^3,1 COS T + ^3 2 COS 2 r +, &C. | 

I - (-8 y* + 8 + ¥ ^'7 ^*^^ '■ +r 7/ (y^ + yf) cos (?? - ^;) 

- ^cos(r-2;? + 2;j,.)+,&c.| 
~ "¥^7" I "2 ^5.0 + *5.l ^*^^ '^ + ^5,2 COS 2 r +, &C. j 

+ (^+^'+^')co«'- + |y'y/'^os(2;j-2;7,) + ^'cos(2r-2H-2>?,)j 

~ \ "' 64 a/ "5,0 + ti4 a3 »5,2 — 64 ^a 05,0 — 54 „^3 05^2 J 7 

J_ / ^^ /. _l_ 1^ 7. 2i^^ h ii^ A "I 2 2 

"^" X ~ 64 a 3 »5,0 -f- 64 < "5,2 - 54 a^ %0 - 64 af ^5.2 J 7 7/ 

+ I ~ 64 a« ^5,0 + 64 a,^ %2 " 64 « a 05,0 — 64 a ^ 05,2 1 7/ 

+ { ^ *5,o - ^3 ^5,2 + sl^s hfi + ^3 ^'5.2 } 7 7; (7' + 7;^) COS (r - ;? + ^,) 

+ {- ®^3&5.o + 6^^i5,2 - ^3^'5,o - t^3\2}7'7/'cos(2r - 2;; + 2^,) 

= I - 16^3 65,0 + 32^3 &5,2 j 7* + I - 32^3 ^'5,0 - 16^ h,2 j 7^ 7,' 

+ I - T6^« *5,o + 32^3 ^2 j 7,* +16^3 ^5,0 7 7; (7' + 7/') COS (T-fi+ yi) 

- ^3 *5,o 7' 7,' COS (2 r - 2 ;? + 2 ;?,). 
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In order to give another example of the employment of this method, I propose to 
calculate the coelBcient of 

e y* cos (13 T — I — 4 n), 

the argument of which occurs in Professor Airy's inequality of Venus, n t and n^ t 
being the mean motions of that planet and of the earth. 

It is easily seen from the preceding pages that i? contains the term 

3 d^ 

If the coefficient of y* cos (13 r — 4 ;?) be denoted by R^ 

e y* cos (13 r — I — 4 ??) . . . JR3 

aAR^ 

— ~ 128 \ ~ af ''5.11 + < V«; ''^.n - 2 ''7,10 - 2 ^7,12 / ~ af °5,ii J 

— 128 I a,a 05,11 - a^ \a, *7.11 ~ 2 ''^.M ~ 2 ''^.la / J 

And il contains the term 

3 r lOa^ 5a^ ( a , 1, 1, XT 

lis I ■<- ^5.11 - V" V^ *7,U - "i" *7,10 - Y ^7,12 ; j ^ /• 

Professor Airy has 

{ 1(0=0) + ^ (0,1) }c%/4.* 

2 

In Professor Airy's notation 

f = Sin -^ /^ = f, (0,0) C = ^3 h, (0,1) C = ^^ b,,, - I, %L 

2 2 

and substituting my notation in Professor Airy's expression, that which I have found 
results. 

The method I have given of developing the disturbing function in terms of the 
mean longitudes may also be employed with advantage in procuring the development 
in terms of the true longitudes. In this problem 

AR rARAr aARAr 



Ae ArrAe AarAe 



Ar A . log. r 
r Ae Ae 



log. r = log. a + log. (1 — e^) — log. (1 + e cos (X — ts) 

^4 »2 



log.a-e2- ~ -ecos(X-t!r) + ^|l+2cos(2X-2«r) | 
* See p. 89 of Professor Airy's paper. 
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— g-^ 1 3 COS (>.-©•)+ cos (3 X — 3 sy) I 
4- ^ 1 3 + cos (2 X - 2 bt) + cos (4 X — 4 sr) j 
= log.a-— -32^'~e(l + -^)cos(X-vt) + -^\\ + -2Jcos(2X-2^^) 



Tg cos (3 X — 3 w) + 2^ COS (4 X — 4 rD-) 



dr 3^ 

r d e 2 



- ^ e3 - e (l + -^ e2^ COS (X - t!v) + -^ (1 + e2) cos (2 X - 2 r^) 



^2 gS 

^ COS (3 X — 3 w) -f- -^ COS (4 X - 4 to-). 

It follows from the analysis of M. Poisson, in his M^moire sur le Mouvement de 
la Lune autour de la Tei-re, that the coefficient of cos (2 S7 — 2 zet^) in the development 

of the quantity 

r" rf R 



according to the true longitudes, is the same as that of cos (2 ssr — 2 w^) in the develop- 
ment of R according to the mean longitudes. 



If 



a-afj\-e^ji-ef 



be called Q, 




fl d Q »• d r 
da de 


dQ _ a,dQ j,d>-, 
de^ d fl; de^' 



de 

By means of these equations, and after reductions similar to those of which so 
many examples have been given in the course of this paper, I find the coefficient of 

cos (2 X — 2 X^) . . . . . . in Q = — a^a, b^^ 

e^ cos (2 X - 2 X, + X^ - t^,) . . . — — —^ &3 1 + ,^ ^32 

e e, cos (2 X — 2 X^ — X + ST + \ -7- ttr j = — ^ *3,2 

e^2cos(2X-2X,-X + «r+2X,-2.^^) . . . =-^\o+-t|-^5,i+32^^o,2 
e2e,2cos(2X— 2X^— 2X+2to+2X^— 2z;r^)ore2e^2cos(2c7-2w,) = —(54^*5,2- 
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